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ON THE PARITY OF SUPERSINGULAR WEIL POLYNOMIALS
DAVID AYOTTE, ANTONIO LEI, AND JEAN-CHRISTOPHE RONDY-TURCOTTE
Abstract. Let q be an odd power of a prime p and let A/Fq be a supersingular abelian variety of dimension
g. We show that if p > 2g + 1, then the characteristic polynomial of the q-Frobenius is an even polynomial.
This generalizes the well-known result on the vanishing of the trace of the p-Frobenius when p > 3 for
supersingular elliptic curves over Fp.
1. Introduction
Let E/Fp be an elliptic curve and let Tℓ(E) be its Tate module at a prime ℓ 6= p. The characteristic
polynomial of the p-Frobenius action on Tℓ(E) is of the form PE(X) = X
2 − aX + p, where a is the trace
of the Frobenius, which is equal to the integer 1 + p − #E(Fp). In particular, it is independent of ℓ. If
furthermore E is supersingular, then p|a. In this case, it is well-known that a is forced to be 0 when p > 3.
This is a consequence of the Weil’s bound which states that |a| ≤ 2√p. Indeed, assume that a 6= 0. Then,
the fact that p|a implies that |a| ≥ p. On combining this with the Weil’s bound, we have p ≤ 2√p, which is
equivalent to p ≤ 4.
We remark that the vanishing of a has important consequences in Iwasawa Theory. For example, in
[Kob03, IP06], the symmetry of the action of the Frobenius allows us to define plus and minus Selmer groups
for elliptic curves defined over Q with supersingular reduction at a prime p. Consequently, we may formulate
a main conjecture in terms of plus and minus p-adic L-functions defined in [Pol03].
The goal of this article is to generalize the result "p sufficiently large =⇒ a = 0" to abelian varieties of
higher dimensions. Let q = pn be a power of prime and let A/Fq be a g-dimensional supersingular abelian
variety. Let Tℓ(A) be its Tate module at a prime ℓ 6= p. Let PA(X) be the characteristic polynomial of the
q-Frobenius action on Tℓ(A). It is of the form
PA(X) = X
2g + a1X
2g−1 + · · ·+ ag−1Xg+1 + agXg + qag−1Xg−1 + · · ·+ qg−1a1X + qg,
where a1, . . . , ag ∈ Z. The first question we have to answer is, what is the right condition on PA(X) that
would generalize the condition "a = 0" for elliptic curves? On studying the list of supersingular Weil
polynomials in [SMZ14], we observe that when n is odd and g ≤ 7, PA(X) is always an even polynomial
(i.e. a1 = a3 = · · · = 0) for p sufficiently large. This suggests that the right condition to replace "a = 0"
is PA(X) being an even polynomial. Indeed, on using a theorem of Manin-Oort which says that all roots of
PA(X) are of the form
√
q × ζ, where ζ is a root of unity, we may show that
(1) |ai| ≤
(
2g
i
)
qi/2;
(2) ordp(ai) ≥ n× i/2.
Here, (1) can be considered as generalized Weil’s bounds, whereas (2) generalizes the condition "p|a" for
elliptic curves. Suppose that n is an odd integer. Combining (1) and (2), we may show as in the elliptic
curve case that if p >
(
2g
g
)2
(when g is odd) or p >
(
2g
g−1
)2
(when g is even), then ai = 0 for all odd i. We
give details of this proof in the appendix of this article.
Note that the bound
(
2g
g
)
grows very rapidly as g increases. For example, when g = 3, PA(X) is even
whenever p > 5 (c.f. [SMZ14, Theorem 12.1] as well as [MN02, Xin96]). However,
(
2g
g
)
= 20 in this case. It
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is therefore desirable to find a smaller bound Cg such that p > Cg would imply that PA(X) is even for all
supersingular abelian varieties over Fpn with n being odd. In §3 below, we shall show the following theorem.
Theorem 1.1. Let q = pn, where p is a prime number and n ≥ 1 is an odd integer. Let A/Fq be a
supersingular abelian variety of dimension g. If p > 2g + 1, then PA(X) is an even polynomial.
In other words, we dramatically decrease the binomial bound to a linear bound.
We remark that our theorem does not hold without the condition that n is odd. Indeed, if q = p2m for
some m ≥ 1, then [SMZ14, Theorem 12.2] tells us that PA(X) is not necessarily even for p arbitrarily large.
If we do not insist A to be simple, we may take PA(X) = (X ± pm)2g for example.
The structure of the article is as follows. We study an elementary result on cyclotomic polynomials in §2.
We then review an important result from [SMZ14] and give the details of the proof of Theorem 1.1 in §3.
In §4, we briefly discuss some potential implications of our result for the Iwasawa theory of supersingular
abelian varieties. Finally, in the appendix, we give a proof for a weaker version of Theorem 1.1 involving
binomial coefficients as discussed above.
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2. The parity of cyclotomic polynomials
Before we prove the main theorem of this section, we recall an elementary lemma on cyclotomic polyno-
mials.
Lemma 2.1. Let p be a prime number and n, k be positives integers. Then,
Φpkn(X) =


Φn(X
pk) if p | n;
Φn(X
pk )
Φn(Xp
k−1)
if p ∤ n.
This is a classical result. A proof can be found in [Ge, Lemma 5] for example.
Theorem 2.2. Let Φn(X) be the n
th cyclotomic polynomial. Then, Φn(X) is an even polynomial, i.e.
Φn(X) = Φ(−X), if and only if n is divisible by 4.
Proof. First, suppose that 4 | n. We may write n = 2km for k ∈ Z, k > 2 and 2 ∤ m. From Lemma 2.1,
Φ2km(−X) =
Φm((−X)2k)
Φm((−X)2k−1)
=
Φm(X
2k)
Φm(X2
k−1)
(because k > 2)
= Φ2km(X)
and hence Φn(X) = Φn(−X).
Conversely, we show that if 4 ∤ n then Φn(X) is not even. We consider two cases: (i) 2 ∤ n and (ii) 2 | n
but 4 ∤ n.
(i) Suppose that 2 ∤ n and that Φn(X) is even. Let ζ be a root of Φn(X), then −ζ is a root too. Thus,
there exists a root ζ′ of Φn(X) such that ζ
′ = −ζ. Then,
(ζ′)n = (−ζ)n
1 = −1 (as n is an odd integer),
which is obviously a contradiction. Hence Φn(X) cannot be even.
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(ii) Suppose that n = 2m, where m is an odd integer. Recall that Φ2m(X) = Φm(−X) (a proof can be
found in various places, for example [Gar08, Chapter 8] or [Tha00, Lemma 1.3]). Hence, by case (i),
Φn(X) is not even.

3. Proof of Theorem 1.1
Let q = pn be a positive odd power of a prime number p and let A/Fq be a g-dimensional supersingular
abelian variety. Let PA(X) be the characteristic polynomial of the Frobenius endomorphism on the ℓ-adic
Tate module where ℓ is a prime distinct from p. We recall the following results regarding the roots of PA(X).
Theorem 3.1 (Manin-Oort). All roots of PA(X) are of the form
√
q × ζ, where ζ is a root of unity.
As discussed in [SMZ14, §3, right after Remark 3.2], if θ =
√
q × ζ, we may rewrite it as √q∗ × ζ4t,
where q∗ ∈ {q,−q} and ζ4t is a 4t-th primitive root of unity. Furthermore, the following theorem, which is
Theorem 3.3 of op. cit., describes the minimal polynomial of such elements.
Theorem 3.2. Let θ =
√
q∗×ζ4t, where q∗ = ±pn for some positive odd integer n and ζ4t is a 4t-th primitive
root of unity. If either
(a) q∗ is odd and
(i) t is even or
(ii) p ∤ t or
(iii) q∗ ≡ 1 mod 4 or
(b) q∗ is even and t 6≡ 2 mod 4,
then the minimal polynomial of θ over Q is equal to
(
√
q∗)φ(4t)Φ4t(X/
√
q∗),
where φ is the Euler’s totient function.
In [SMZ14], when either (a) or (b) is satisfied, it is called the full degree case. Otherwise, it is called
the half degree case, for which the minimal polynomial of θ is also described explicitly in op. cit.. But we
shall not need this here.
Lemma 3.3. Suppose that p > 2g + 1, then the minimal polynomial of θ is an even polynomial.
Proof. By Theorems 2.2 and 3.2, it is enough to show that the half degree case does not arise when p > 2g+1.
Suppose that θ =
√
q∗× ζ4t is a root of PA(X) such that the half degree case occurs. Write Ψ(X) for the
minimal polynomial of θ over Q. Then, Ψ(X)|PA(X). In particular,
(3.1) deg(Ψ) ≤ deg(PA) = 2g.
As p > 2g + 1, p is an odd prime. Furthermore, since we are in the half degree case, we have p|t and 2 ∤ t.
This implies that
p− 1|φ(t);(3.2)
φ(4t) = 2φ(t),(3.3)
on applying the formula φ(pn11 · · · pnrr ) = pn1−11 (p1 − 1)× · · · × pnr−1r (pr − 1) for distinct primes p1, . . . pr.
Recall from [SMZ14, Remark 3.4] that deg(Ψ) = 12φ(4t). Therefore, on combining (3.1), (3.2) and (3.3),
we deduce that
p− 1 ≤ φ(t) ≤ 2g.
Hence the result. 
This allows us to conclude the proof of Theorem 1.1. Since all roots of PA(X) are of the form
√
q × ζ by
Theorem 3.1, PA(X) is a product of minimal polynomials of such elements. When p > 2g + 1, Lemma 3.3
says that all such minimal polynomials are even. Hence, PA(X) itself has to be even.
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4. Implications for Iwasawa theory
Let E/Q be an elliptic curve with good reduction at p. Let K∞ be the Zp-cyclotomic extension of Q. We
write Γ = Gal(K∞/K), Λ = Zp[[Γ]] and Kn = K
Γp
n
∞ for n ≥ 1. Let Selp(E/K∞) denote the p-Selmer group
of E over K∞. It is well known in Iwasawa theory that the Λ-corank of Selp(E/K∞) is 0 or 1 depending
on whether E has ordinary or supersingular reduction at p. In the former case, we may formulate a main
conjecture relating the characteristic ideal of the dual Selmer group to a p-adic L-function. This conjecture
is in fact now a theorem proved by Kato [Kat04] and Skinner-Urban [SU14].
In the supersingular case, Kobayashi [Kob03] and Sprung [Spr12] have defined two new Selmer groups
Sel±p (E/K∞), which we shall call plus and minus Selmer groups. These new Selmer groups turn out to
have Λ-corank 0. It is then possible to formulate a main conjecture as in the ordinary case, relating their
characteristic ideals to some p-adic L-functions. One inclusion of these conjectures have been proved in op.
cit.. Recently, Wan and Sprung have announced the proof of the other inclusion of these conjectures in
[Wan14] and [Spr15] respectively.
One common feature in the construction of the plus and minus Selmer groups in the works of Kobayashi
and Sprung is a family of points on the elliptic curve cn ∈ E(Kn,p), where Kn,p is the completion of Kn at
the unique prime above p. For all n ≥ 1, we have the trace relation
(4.1) Trn+1/n(cn+1) = a× cn − cn−1,
where a is the trace of the p-Frobenius on the Tate module Tℓ(E) for some good prime ℓ 6= p.
When a = 0, the simplicity of (4.1) allowed Kobayashi to give a very explicit description of his plus and
minus Selmer groups. More precisely, we may define Sel±p (E/K∞) as the direct limit of Sel
±
p (E/Kn), which
are defined by replacing the local condition at p of the usual Selmer group by E±(Kn,p) ⊗ Qp/Zp, where
E±(Kn,p) are given by
E+(Kn,p) := {P ∈ E(Kn,p) : Trn/m+1 P ∈ E(Km,p) for all even m < n};
E−(Kn,p) := {P ∈ E(Kn,p) : Trn/m+1 P ∈ E(Km,p) for all odd m < n}.
Furthermore, it is shown in [Kob03, §8] that E±(Kn,p) are generated by the Galois conjugates of the family
of points (cm)m≤n and that there is a short exact sequence relating these subgroups to the original elliptic
curve, namely
(4.2) 0→ E(Qp)→ E+(Kn,p)⊕ E−(Kn,p)→ E(Kn,p)→ 0.
This was used in op. cit. to prove a control theorem for the plus and minus Selmer groups.
When a 6= 0, the Selmer groups defined in [Spr12] are much less explicit. So far, we do not know how to
define an analogue of E±(Kn,p) nor do we know whether a short exact sequence similar to (4.2) exists. In
other words, the condition a = 0 in Kobayashi’s work plays an indispensable role. It is therefore natural to
ask whether Theorem 1.1 would allow us to better understand the supersingular Iwasawa theory of abelian
varieties.
We recall that a multi-signed main conjecture for abelian varieties with supersingular reduction has been
formulated in [BL15b], generalizing the results in [Kob03, Spr12]. Furthermore, this conjecture has been
proved in [BL15a] under the hypothesis that certain Rubin-Stark elements from [Rub92, Rub96] exist. The
main conjecture in [BL15b] relies on the existence of a logarithmic matrix that is used to decompose Perrin-
Riou’s (conjectural) p-adic L-function from [PR95] and to define the appropriate signed Selmer groups. It
is therefore useful to have an explicit description of this logarithmic matrix.
The aforementioned logarithmic matrix is defined with respect to a chosen basis for the Dieudonné mod-
ule Dcris(Tp(A)) of the p-adic Tate module of A. Let v1, . . . , v2g be a basis of Dcris(Tp(A)) that respects
the filtration, that is, v1, . . . , vg are contained in Fil
0Dcris(Tp(A)). Suppose ϕ is the Frobenius action on
Dcris(Tp(A))⊗Qp, then its matrix with respect to such a basis is of the form
(4.3) Cϕ = C ×
(
Ig 0
0 1pIg
)
,
where C ∈ GL2g(Zp) and Ig is the g × g identity matrix. The logarithmic matrix is defined to be
lim
n→∞
C1 · · ·Cn · C−n+1ϕ ,
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where Ci for i = 1, . . . , n is the matrix given by(
Ig 0
0 Φpi(X)Ig
)
× C−1.
The characteristic polynomial of ϕ is X2gPA(X
−1). In particular, Theorem 1.1 tells us that if p > 2g+1,
then this is an even polynomial. We hope that this would allow us to give a more explicit description of
the logarithmic matrix on choosing an appropriate basis for the Dieudonné module. Indeed, when g = 1,
we may choose our basis so that C =
(
0 −1
1 0
)
. Consequently, the logarithmic matrix is given by Pollack’s
plus and minus logarithm in [Pol03]. Furthermore, as described in [Ota14], it is possible to define a family
of points cn ∈ A(Kn,p) that satisfy a trace relation described by the coefficients of PA(X), similar to (4.1).
Therefore, when PA(X) is an even polynomial, this trace relation greatly simplifies. In future work, we shall
explore the possibility of describing the signed Selmer groups of [BL15b] explicitly in this setting, which
would generalize the results of Kobayashi for elliptic curves that we described above.
Appendix A. Bounds involving binomial coefficients
Let
PA(X) = X
2g + a1X
2g−1 + · · ·+ ag−1Xg+1 + agXg + qag−1Xg−1 + · · ·+ qg−1a1X + qg
be as in the main part of the article, where q = pn for some positive odd integer n. The goal of this appendix
is to prove the following lemma.
Lemma A.1. Let k ∈ {1, . . . , g} be an odd integer. If ak 6= 0, then p ≤
(
2g
k
)2
.
Consequently, we obtain a weaker version of Theorem 1.1.
Corollary A.2. If p >
(
2g
g
)2
(when g is odd) or p >
(
2g
g−1
)2
(when g is even), then PA(X) is an even
polynomial.
Proof. This is because
(
2g
k
) ≤ (2gr ) for all k ≤ r ≤ g. 
We now prove Lemma A.1. Recall from Theorem 3.1 that the roots of PA(X) are of the form
√
q× ζi for
i = 1, . . . , 2g, where ζi are some roots of unity. Vieta’s formulas gives a link between ak and the roots of PA.
Namely,
ak = (−1)k
∑
1≤i1<i2<...<ik≤2g

 ∏
1≤j≤k
ζij

 p kn2 .
Since ak ∈ Z, we have ordp(ak) ≥
⌈
kn
2
⌉
. As we assume that ak 6= 0 and kn is odd, this implies that
|ak| ≥ p
kn+1
2 .
On the other hand, by the triangular inequality we can see that
|ak| ≤
∑
1≤i1<i2<...<ik≤2g

 ∏
1≤j≤k
|ζij |

 p kn2
=
(
2g
k
)
p
nk
2 .
On combining these two inequalities together, we deduce that(
2g
k
)
p
kn
2 ≥ |ak| ≥ p
kn+1
2
and hence p ≤ (2gk )2 as required.
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